In this study, we propose an experiment to investigate the possibility of long-distance thermodynamic relationship in quantum thermodynamics. We consider a pair of spin-1 2 particles prepared in an entangled singlet state in which one particle is sent to Alice and the other to her distant mate Bob, who are spatially separated. Our proposed experiment consists of three different setups: First, both particles are coupled to two heat baths with various temperatures. In second setup, only Alice's particle is coupled to a heat bath and finally, in the last setup, only Bob's particle is coupled to a heat bath. We study the evolution of an open quantum system using the first law of thermodynamics based on the concepts of ergotropy, adiabatic work, and operational heat, in a quantum fashion. We analyze and compare ergotropy and heat transfer in three setups. Our results show that the thermodynamic process ocuurring for two entangled particles and their baths are dependent on each other. We prove that the existence of quantum correlations affects the thermodynamic behavior of distant particles in an entangled state.
I. INTRODUCTION
Quantum thermodynamics is an important growing field of research that focuses on the relations between two physical theories: classical thermodynamics and quantum mechanics. Nowadays, much attention has been dedicated to applications of quantum thermodynamics such as quantum information [1] [2] [3] [4] and catalysis [5] [6] [7] . Moreover, the study of quantum thermodynamics is currently helping us in development of quantum thermal machines and quantum heat engines, specially in manipulation, management and production of heat and work [8] [9] [10] [11] .
The formalism of quantum thermodynamics is connected to the theory of open quantum systems. In other words, in quantum thermodynamics, the heat transfer is explained by a system-bath model. This model is important not only from fundamental view, but also for the practical applications. Generally, there is a belief that open quantum systems are consistent with laws of equilibrium thermodynamics [12] . In this regards, Binder et al. formulated an appropriate framework for operational first law of thermodynamics for an open quantum system undergoing a general quantum process and presented it as a complete positive trace-preserving (CPTP) map [13] .
One of the most important challenges in quantum thermodynamics is the investigation of fundamental concepts * Electronic address: soltanmanesh@ch.sharif.edu † naeij@alum.sharif.edu ‡ Corresponding Author: shafiee@sharif.edu such as correlation, entanglement and non-locality in related processes. It is believed that the presence of correlation in quantum thermodynamics could be a valuable resource for many quantum information tasks [14] and a crucial factor in quantum thermal machines and quantum heat engines [15] . In this context, many studies have been done to investigate the foundations of thermodynamics in the quantum domain [16] [17] [18] [19] [20] [21] . For instance, Chiribella et al. analyzed the roots of connection between entanglement and thermodynamics in the framework of general probabilistic theories. They showed that there is a duality between information erasure and entanglement generation [22] . In quantum thermodynamics, entanglement is also connected to work extraction from multipartite systems. Actually, entangling unitary operations are capable of extracting more work than local operations from quantum systems. Alicki and Fannes demonstrated that non-local unitary operations are capable of increasing the amount of work extracted with respect to local operations in a large number of identical copies of a battery [23] . Francica et al. showed that how the presence of quantum correlations can influence on work extraction in the closed quantum systems. They considered a bipartite quantum system and showed that it is possible to optimize the process of work extraction via the concept of ergotropy. They proved that the maximum extracted work is related to the existence of quantum correlations between the two parts of the system [24] . Furthermore, heat capacity presented as an indicator of entanglement and investigated the issue of how the entanglement at the ground state of a system affects the third law of thermodynamics [25, 26] .
Other thermodynamic quantities such as magnetic susceptibility [27] and entropy [28] also are proposed as the entanglement witnesses.
However, the studies in this area have not addressed the possibility of long-distance thermodynamic relation-arXiv:1909.10512v1 [quant-ph] 21 Sep 2019 ships in a quantum fashion. Such correlations can affect the performance of quantum thermal machines, quantum heat engines and related technologies. So, is it possible to observe this phenomenon in a thermodynamic process?
In the present study, we propose an experiment to investigate the possibility of a bizzare relationship in quantum thermodynamics. For this purpose, we consider a pair of spin-1 2 particles prepared in a spin-singlet state. The first particle is sent to Alice and the second one to Bob (the observers), who are far apart. Moreover, we consider three different setups in our proposed experiment: a) both partciles in Alice and Bob's sides are coupled to two heat baths with different temperatures, b) only the particle in Alice's side is coupled to a heat bath and c) only the particle in Bob's side is coupled to a heat bath. Then, we study the first law of thermodynamics by using the concepts of ergotropy and adiabatic work in CPTP map in all three scenarios. Our results show that there could be a long-distance thermodynamic relationship between two entangled particles which is responsible for work extraction in a thermodynamic process.
In the remainder of the paper, we first review what called the operational first law of quantum thermodynamics. Then, we propose an experiment to investigate how the maximum work could be extracted from it. Finally, the results are discussed in the conclusion section.
II. OPERATIONAL FIRST LAW OF QUANTUM THERMODYNAMICS
The first law of thermodynamics explains that the change in the internal energy (∆E) for a system consists of two terms: work (W ) and heat (Q). Work extraction from a quantum system is a crucial issue in quantum thermodynamics. Therefore, we review some of the concepts necessary to investigate how much work can be extracted from a quantum state in a cyclic unitary evolution. A cyclic process, here, means that the Hamiltonians of the system at the initial and the end points of the process is identical [13] .
We define the internal energy E for the quantum statê ρ of a system with the HamiltonianĤ at time t as
For the quantum state, we can writê ρ = r n |r n r n | ; r n+1 ≤ r n ∀n (2)
To have the maximum work extraction in a cyclic unitary process, the density matrix of the system in Eq. (2) should end in the states known as passive statesπ. These states are diagonal in the eigenbasis ofĤ with decreasing populations for increasing energy levels, expressed aŝ π = ε n |r n r n | ; ε n+1 ≤ ε n ∀n
We define ergotropy W, the maximum work that can be extracted from a non-passive stateρ with respect tô H via a cyclic unitary evolution (ρ −→π), as [13, 29] 
We now consider a non-cyclic unitary evolution in which the initial and the final Hamiltonians,Ĥ andĤ , are different whereĤ = ε n |ε n ε n | with ε n+1 ≥ ε n . We assume that the change in the Hamiltonian fromĤ toĤ is adiabatic. This means that the eigenstates of the Hamiltonian remain unchanged at each instant and the final stateπ will be a passive state with respect toĤ, if the initial stateπ m is passive with respect toĤ. This evolution is unitary, so there is no heat transfer and any change in the internal energy E is due to the adiabatic work which can be defined as
In a general quantum evolution (ρ,Ĥ) −→ (ρ ,Ĥ ), ∆E is given by ∆E = tr ρ Ĥ − tr ρĤ (6) Considering the concepts of ergotropy and adiabatic work, and definingπ m = r n |ε n ε n |, one can show that an operationally meaningful first law of thermodynamics could be introduced as [13] ∆E = ∆W + W ad + Q op (7) where ∆W = W(ρ ,Ĥ )−W(ρ,Ĥ) shows a genuine out of equilibrium contribution and Q op = tr π mĤ −tr πĤ denotes the heatlike term in ∆E. So, it has been shown that any thermodynamic process that can be portrayed with a CPTP map, obeying Eq. (7) introduced as operational first law of quantum thermodynamics (see [13] ).
III. THE PROPOSED EXPERIMENT
Let us consider a pair of spin-1 2 particles prepared in a singlet-spin state as
is the z component of spin Pauli for mth particle (m = 1, 2). The first particle is sent to Alice and the second one to her distant mate Bob. Then, we propose three different setups for our proposed experiment as given in FIG. 1. As is well known, in the system-bath model, the total Hamiltonian can be written aŝ whereĤ s ,Ĥ ε andĤ int are the Hamiltonians of the system, the bath and the system-bath interaction, respectively. We define Hamiltonian of the system aŝ
(1)
where ω A and ω B are the frequencies of the particles in Alice and Bob's sides, respectively, which we assume that ω A > ω B and = 1. Furthermore, we consider a heat bath consisting of harmonic oscillators as the environment. So, we havê
where a Bosonic mode j in the bath is described by its frequency Ω j , mass m j , positionq j and momentump j . The interaction Hamiltonian for the three setups are defined as [30] H (a)
where eachσ (m) z for the system is linearly coupled to the position coordinates of harmonic oscillators in the heat bath. Moreover, we consider an initial thermal state for the environment.
We study the dynamics of thermalization process in our proposed experiment using a master equation in the Lindblad form in which the norm and positive definiteness of the quantum state are preserved according to CPTP map [31] . The Lindblad form of master equation for the three setups of the experiment and the solution of them are given in Supplemental Material.
In all interaction HamiltoniansĤ int for which the commutator [Ĥ int ,Ĥ s ⊗ I] = 0 is established, the internal energy of the system does not change ∆E = 0. On the other hand, for time-independent Hamiltonian of the system, we have W ad = 0 [13] . Therefore, the operational first law of quantum thermodynamics (Eq. (7)) for our proposed experiment leads to the following relation:
The details of calculation of ∆W for obtaining operational heat transfer are given in Supplemental Material. During the thermalization process in which work is extracted in the form of ergotropy, the particles gain operational heat Q op . If we consider heat transfer as a local process, we expect to see that the total heat transfer in the first setup (FIG. 1(a) ) should be equal to the sum of heat transfers in other two setups (FIG. 1(b) and (c) ). If we define W as the total ergotropy in the first setup and W A and W B as the ergotropy for the second and the third setups, respectively, regarding Eq. (15), we expect to have
at a definite time t. Taking into account the definition of ergotropy in Eq. (4), one can show that Eq. (16) can be written as
whereρ(π),ρ A (π A ) andρ B (π B ) denote density matrices (passive states) of the system in the three setups, respectively. Our calculations show that at time near the decoherence time ( 10 −7 s), the left side of Eq. (17) is equal to
Also, the right side of Eq. (17) can be obtained as where η i = e −Γit(2ni+1) (i = A or B) and η = η A η B . Furthermore, Γ i andn i are the decoherence factor and the average number of the particles in the heat bath, respectively (see Supplemental Material). As is clear from Eqs. (18) and (19), Eq. (16) does not hold in our proposed experiment (see solid plots in FIG. 2) . Therefore, we can simply write Q op = Q op A + Q op B , which means that the heat transfer in the thermalization process of Alice and Bob's baths are not independent from each other. As shown perfectly in dashed plots of FIG. 2, we expect that W = W A + W B after decoherence time due to the elimination of entanglement between the particles. Furthermore, from dashed plots in FIG. 2, we conclude that more work can be extracted if the second and third setups are taken together, in comparision to the first setup. Moreover , FIG. 3 shows that for more temperature differences (T B − T A ), more long-distance thermodynamic correlations between two particles are expected.
IV. CONCLUSION
There is a crucial question in quantum thermodynamics that how much work can be extracted from a system. This question has received a great deal of attention due to its obvious fundamental and practical importance. On the other hand, the effects of quantum features of a system on its thermodynamic performance appear currently to be a quite controversial issue. In this regards, many studies have been done to investigate the role of quantum correlations on applications of quantum thermodynamics such as quantum information, quantum thermal machines and quantum heat engines. Most works are now focusing on quantum correlations to improve the efficiency of quantum thermal machines. However, they have not addressed the possibility of the influence longdistance thermodynamic correlations on thermodynamic processes such as heat transfer and work extraction.
In this work, we proposed an experiment to investigate the possibility of a distant thermodynamic relationship between a pair of spin-1 2 particles prepared in a spinsinglet state in a system-bath interaction model. Our results show that the heat transfer for each entangled particle is not independent from the thermalization process occurs for the other one. We proved that existence of quantum correlations affects thermodynamic bahavior of entangled particles which are spatially separated.
The observation of distant thermodynamic relationships may affect the work extraction, the power generation and the cyclical or non-cyclical operations of thermal machines, such as engines and refrigerators. Specially, in this way it could be possible, at least in principle, to extract more work from thermal machines to enhance their efficiency and performance.
The present study, not only sheds light on fundamental concept of a thermodynamic holistic behavior for entangled quantum systems, but also open a new way towards technological potentials of quantum thermodynamics. 
